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1. Genesis 
Using a symbolic programming language and integer arithmetic, a continued fraction (cf) was 
found for ln2(1 + x), taking the form 
ln2(1 + x) = “,z + ‘lx 
W I 1 
+$ +f$ +f+ + -‘-, 
as far as p12. An interesting pattern emerged, 
Pl = 1, 41 = l/12, 
P2 = l/12, q2 = - 3/5, 
P3 = g/5, q3 = -23/504, 
p4 = 23/504, q4 = - 632/529, 
ps = 1161/529, q5 = - 14237,‘448404, 
- 44376903 
P6= -45, 
P7 = ’ - q6, 
q6 = 24905465 ’ 
-204831433 
q7 = 8380316304 ’ 
-4399255846592 
P8= -q7, q8 = 1861490525033 ’ 
(1) 
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p9=1 -qa, 
PlO = -49 
-28197315165931073 
q9 = 1416255373744118460 ’ 
-21351674241308481065375 
410 = 7261119904651018009321 . 
Pll = 1 - q10, 
P 12 = -411. 
-3550416815446633210097796097 
“‘= 211130071187473735099997451864’ 
This suggests that in general 
P2s + q2s-1 = 0, p2s+1+ 92s = 1, s’=l, 2,... . (4 
Consideration of the even part of the cf, prompted by the sign pattern in (l), suggests that the 
cf 
In2[l+xq$ +l_+T!l +k!!yd + . . . (3) 
where y = (1 + x)/x* and the partial numerators (as far as they have been calculated) are 
positive, is an S-fraction. This in turn suggests a Stieltjes transform 
ln2(l+x)=/“~, y = (1+ x)/x2, 
0 
and a series of the form 
ln*(l + x) = A,y-’ + A2yp2 + . . . . 
The first few coefficients in (5) are 
A, = 1, A, = -l/12, A, = l/90, A, = l/560, A, = l/3150, 
and it is not difficult to conjecture that the series is 
clo (- l)“n!n!y_“-’ 
ln2(l + x) = C 
n=O (?r + 1)(2n + I)! . 
If the conjecture is correct, then (after some manipulation) 
ln2(1 + x) = 2J1’4 ln ’ + (’ - 4u) 
l/2 
du 
(5) 
(6) 
(7) 
and so in (4) ‘k(u) is constant for u < 0 and u > i. 
This note proves conjectures (3), (6) and (7), and gives inequalities derived from (3). 
2. A generalized hypergeometric series 
Application of a Goursat transformation to the usual series for ln(1 + x) gives 
ln(1 +x) =x2Fl[l, 1; 2; -xl =yTi’*Fi[+, +; +; -+y], 
where y = (1 + x)/x2_ Hence, by Clausen’s theorem for the square of Gaussian hypergeometric 
series, see e.g. Slater [6, p.751, 
ln2(l + x) =yyiF,[l, 1,l; +, 2; - $y] (8) 
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which is equivalent to series (6). From the convergence conditions for a generalized hypergeomet- 
ric series, the series converges absolutely for I- $_y 1 -c 1, and also absolutely for 1 - &J ) = 1, 
since Re(l + 1 + 1 - g - 2) = - 4 -C 0; otherwise it diverges. The expansion (6) for ln2(1 + x) in 
terms of x2/(1 + x) therefore converges for 2(1 - 21’2) d x d 2(1 + 21’2). The correctness of (6) 
can also be shown by putting w = y P”‘2/2 in the result given in Rainville [4, p.1621, 
In’{ w + (1 + ~‘)l’~] = C CC (--l)nn!w2n+2 where lw( (1. 
3. The Stieltjes transform 
The S-fraction (3) can be derived from the power series (6). The Stieltjes transform (7) follows 
by identifying the general coefficient in (6) in terms of the Beta function. Alternatively (7) can be 
obtained by term by term integration of 
=4z(l -z),‘F,[l, 1,l; $, 
the equivalence of (7) and (6) follows on setting u = (1 - u)/4 and (1 
The weight function W(u) = In{ f(u)} in (7) is positive, and also 
J 
l/4 
vr = u’W(u) du, r=O, 1, 2 ,..., 
0 
2; z/(z - 1)-l] ; 
+ x)/x2 = y = (1 - z)/4z. 
exists. Using a result given in Shenton [5, p.801 the convergence of the cf to the integral (7) is 
assured for y = (1 + x)/x2 > 0. From more general considerations one would expect conver- 
gence of the cf to the integral for all y excepting - i <y < 0. In this case the integral takes the 
value 
4 ln2 1 + 0 + w2 
i : 4yl/2 ’ 
-7 < arg(y) (71, R(y’j2) > 0. 
4. Inequalities for ln*(l + x) 
For x > - 1, we deduce from the S-fraction (3) that 
ln2(1 +x) < x2/(1 +x), 
ln2(1 +x) > x2/(1 + x + x2/12). 
ln2(1 + x) < 
x2(1 + x + X2/20) 
(1 +x)(1 + x + 2x2/15) ’ 
(9) 
(10) 
(11) 
ln2(1 -t x) > 
x2(1 + x + 31x2/252) 
(1 + x)’ + 13x2(1 + x)/63 + 23x4/3780 ’ etc- 
124 L.R. Shenton, A. W. Kemp / S-fraction for In’(1 + x) 
An inequality similar to (9) appears in MitrinoviC [3, 3.6.15 and 3.6.181, who attributes it to 
Karamata [l]; the others would seem to be new. They have the advantage of holding for x > - 1, 
compared with the inequalities 
2x 6x + 3x2 
2+x < 
< ln(l +x) < 
x(30 + 21x + x2) x(6+x) 
6 +6x+x2 30+36x+9x2 < 6+4x 
where x > 0, obtained from the PadC approximants to z ln(1 + l/z), z > 0, by taking x = l/z, 
see e.g. Luke [2, p.411. It is elementary though tedious to show that, whilst 
ln(l+x)<x(6+~)/(6+4x), x>O, 
gives a poorer upper bound that (9) only when x > 3, on the other hand, 
(6x+3~~)/(6+6x+~~)-~ln(l+x), x>O, 
always gives a poorer lower bound than (lo), and 
ln(1 + x) -C x(30 + 21x + x2)/(30 + 36x + 9x2), x > 0, 
always gives a poorer upper bound than (11). 
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